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A duality of two categories is introduced. It generalizes the
Malcev description of torsion free ﬁnite rank abelian groups. An
equivalence of two categories is also introduced. It generalizes
the Kurosh description of p-primitive groups. The composition of
the duality and the equivalence is the duality earlier introduced
by W. Wickless and the author. It is shown that the last duality
preserves exactness for short exact sequences of homomorphisms.
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1. Introduction
A.G. Kurosh [1] introduced matrix invariants for a description of p-primitive torsion free abelian
groups of ﬁnite rank in 1937. In the same year R. Baer [2] described torsion free abelian groups of
rank 1 with the help of types. In 1938 A.I. Malcev [3] and D. Derry [4] described torsion free abelian
groups of ﬁnite rank with the help of matrix invariants. D. Derry used the Kurosh matrices. A.I. Malcev
used his own matrices and his approach was different from the Kurosh–Derry approach. L. Fuchs [5]
generalized the Kurosh–Derry Theorem for torsion free abelian groups of countable rank.
We mention also the invariants by R. Beaumont and R. Pierce [6,7], D. Arnold and C. Vinson-
haler [8,9], C. Vinsonhaler and W. Wickless [10], the author [11–14] for different subclasses of the
class of torsion free ﬁnite rank groups. It is interesting to note that all they describe the groups up to
quasiisomorphism.
An introduction of morphisms on the invariants became the next stage of the given direction
development. Some results [15–17] of the Kurosh–Malcev–Derry type appeared in the form of equiv-
alences or dualities of categories. In particular, E. Lee Lady [15] generalized the Kurosh Theorem on
the ﬁnite rank torsion free modules over an arbitrary discrete valuation ring. The category of such
modules with quasihomomorphisms as morphisms is equivalent to a so-called category of pairs of
vector spaces.
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QD of mixed quotient divisible abelian groups. The morphisms of two categories are quasihomomor-
phisms of groups. The third category of “reduced matrices” RM serves as a category of invariants.
We begin with the result obtained in [18]. The three categories and three pairs of mutually inverse
functors between them form the following commutative diagram:
RM
c′↗↙c b↘↖b′
QD
d

d′
QT F .
(1)
The pairs (b,b′) and (d,d′) are dualities of the categories and the pair (c, c′) is an equivalence. The
duality (d,d′) has been introduced by W. Wickless and the author in [19]. We’ll show below in
Comments that the duality (b,b′) is in fact the Malcev description and the equivalence (c, c′) is a
generalization of the Kurosh Theorem.
In the third section “Categories and functors”, we slightly modify all three categories to get an
analogous commutative diagram:
S
c′↗↙c b↘↖b′
D
d

d′
T F .
(2)
The difference between the categories T F and QT F is that we have the following inclusions of the
groups of morphisms MorT F (A, B) ⊂ Hom(A, B) ⊂ MorQT F (A, B) for any two torsion free groups A
and B of ﬁnite rank, where MorT F (A, B) is a free full subgroup of the group Hom(A, B) and the
group MorQT F (A, B) is the divisible hull of the group Hom(A, B). Analogously, the group MorD(A, B)
is a full free subgroup of the mixed group Hom(A, B) and MorQD(A, B) = Q ⊗ Hom(A, B) for every
two mixed quotient divisible groups A and B . The categories D and T F are subcategories of two
categories which are equivalent to the categories QD and QT F , respectively. Thus the functors d and
d′ of the diagram (2) can be considered as restrictions of the functors d and d′ of the diagram (1). In
any case the morphisms of the new categories D and T F are common homomorphisms of groups,
but not quasihomomorphisms as before. The introduction of the diagram (2) does not depend on
previous papers for the reader convenience.
It is proved in the fourth and ﬁfth sections that the duality D ↔ T F maps short exact sequences
of homomorphisms to the short exact sequences.
The category S is in focus of observation in the last section. The objects of S are ﬁnite sequences
of elements of an arbitrary ﬁnitely presented module over the ring of universal integers. They can be
considered as invariants describing simultaneously the torsion free ﬁnite rank groups and the quotient
divisible mixed groups. At ﬁrst we solve the problem what the corresponding groups for subsequences
of a given object of S are. At last we show on examples how the basic properties of an object of S
are reﬂected on the corresponding groups.
2. Preliminaries
All groups will be additive abelian groups. Let n be a positive integer and p a prime number, Z , Q ,
Zn = Z/nZ , Ẑ p denote the ring of integers, the ﬁeld of rational numbers, the ring of residue classes
modulo n, the ring of p-adic integers, respectively. The ring Ẑ =∏p Ẑ p is the Z -adic completion of
the ring Z , it is called the ring of universal integers. The additive groups of the rings have the same
notations.
If x1, . . . , xn are elements of an abelian group A, then 〈x1, . . . , xn〉 is the subgroup of A generated
by these elements, 〈x1, . . . , xn〉∗ is the pure hull of these elements, that is a ∈ 〈x1, . . . , xn〉∗ ⇔ there
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long to 〈x1, . . . , xn〉∗ . At last, 〈x1, . . . , xn〉R denotes the submodule of an R-module generated by these
elements, where R is a ring.
A set of elements x1, . . . , xn of an abelian group (of an R-module) is called linearly independent
over Z , if every equality m1x1 + · · · +mnxn = 0 with integer coeﬃcients implies m1 = · · · = mn = 0.
A set of elements x1, . . . , xn of a Ẑ -module is called linearly independent over Ẑ , if every equality
α1x1 + · · · + αnxn = 0 with universal integer coeﬃcients implies α1x1 = · · · = αnxn = 0. In particular,
the set 0, . . . ,0 is linearly independent over Ẑ .
We use characteristics (mp) and types τ = [(mp)] in the same manner as in [5] denoting the zero
characteristic and the zero type by 0. As usual, (mp)  (kp) if mp  kp for all prime numbers p. In
this case we deﬁne (mp) − (kp) = (mp − kp) setting ∞ − ∞ = 0.
If α = (αp) ∈ Ẑ , we deﬁne the characteristic of α as char(α) = (mp), where αp is divisible by
pmp in Ẑ p and mp is the maximal power. If αp = 0 then mp = ∞. Every ﬁnitely generated ideal I of
the ring Ẑ is of the form I = Iχ = {α ∈ Ẑ | char(α)  χ} for a characteristic χ . Let Zχ = Ẑ/Iχ . As a
Ẑ -module Zχ is cyclic and ﬁnitely presented.
A Ẑ -module M is called ﬁnitely presented, if there exists an exact sequence of Ẑ -module homomor-
phisms Ẑm → Ẑn → M → 0 for positive integers m and n. Every ﬁnitely presented Ẑ -module M is of
the form M ∼= Zχ1 ⊕ · · · ⊕ Zχn . The decomposition is not unique in general, even the number of sum-
mands is not an invariant. But this decomposition is uniquely deﬁnite at the additional condition on
characteristics χ1  · · · χn . Every ﬁnitely generated submodule N of a ﬁnitely presented Ẑ -module
M is ﬁnitely presented and the quotient M/N is ﬁnitely presented as well, see [17].
For an element x of a ﬁnitely presented Ẑ -module M and a prime p, we deﬁne: mp is the greatest
nonnegative integer such that pmp divides x in M and kp is the least nonnegative integer such that the
element pkp x is divisible by all powers of p. If such a number mp or kp doesn’t exist then mp = ∞ or
kp = ∞. The characteristics char(x) = (mp) and cochar(x) = (kp) are called the characteristic and the
co-characteristic of the element x in the module M . The type [cochar(x)] is called the co-type of the
element x. The co-characteristic is an analog of the order of an element. If x ∈ Zχ then cochar(x) =
χ − char(x) and char(x) χ − cochar(x), the inequality can be strict.
The Z-adic completion Â of a group A is the inverse limit of the spectrum of natural homomor-
phisms A/nA → A/mA over all pairs of positive integers m and n such that m divides n, see [5]
for details. The group Â is naturally a Ẑ -module. There is a natural homomorphism μA : A → Â,
KerμA = A1 =⋂n =0 nA. We use the term “Z -adic completion” for both the module Â and the homo-
morphism μA : A → Â. Every group homomorphism f : A → B induces a uniquely deﬁned Ẑ -module
homomorphism f 0 : Â → B̂ such that the following diagram is commutative
A f→ B
μA↓ ↓μB
Â →
f 0
B̂.
Deﬁnition 1. (See [19].) An abelian group A without nonzero torsion divisible subgroups is called
quotient divisible if it contains a free subgroup F of ﬁnite rank such that the quotient group A/F is
torsion divisible. Every free basis x1, . . . , xn of the group F is called a basis of the quotient divisible
group A, the number n is the rank of A.
As it is shown in [19,20], every reduced quotient divisible group A can be presented as a pure
hull A ∼= 〈x1, . . . , xn〉∗ ⊂ M of a linearly independent over Z set of elements x1, . . . , xn in a ﬁnitely
presented Ẑ -module M such that M = 〈x1, . . . , xn〉 Ẑ .
The divisible part of a quotient divisible group A is a divisible torsion free group of ﬁnite rank,
it coincides with the subgroup A1 = KerμA , see [19]. A reduced complement of the divisible part is
not necessarily quotient divisible. In general, this complement is a direct sum of a ﬁnite group and
a quotient divisible reduced group.
A. Fomin / Journal of Algebra 322 (2009) 2544–2565 2547It is shown in [20] that the torsion part t(A) of a quotient divisible group A is mapped iso-
morphically onto the torsion part t( Â) of the group Â under the homomorphism μA : A → Â, thus
t(A) = t(μA(A)) = t( Â). If a1, . . . ,an is a basis of a quotient divisible group A, then the elements
μAa1, . . . ,μAan generate Â as a Ẑ -module, that is Â = 〈μAa1, . . . ,μAan〉 Ẑ , see [20].
3. Categories and functors
In this section we introduce all three categories and six functors of the diagram (2). The introduc-
tion is suﬃciently detailed and it almost doesn’t depend on the previous papers.
3.1. The category T F
The objects of the category T F are pairs (A, [a]), where A is a torsion-free ﬁnite-rank group and
[a] is a basis of A written usually as a column [a] =
(
a1
.
.
.
an
)
. We denote F A = 〈a1, . . . ,an〉 is a free
subgroup of A generated by the basis [a]. Let (B, [b]) be another object of the category T F . Every
group homomorphism f : A → B determines a rational matrix T f with the help of the matrix equality
f ([a]) = T f [b], that is
(
f (a1)
.
.
.
f (an)
)
= T f
(
b1
.
.
.
bk
)
. The morphisms from the object (A, [a]) to the object
(B, [b]) are the homomorphisms f : A → B such that all entries of the matrix T f are integers. Every
homomorphism f : A → B induces also two quasihomomorphisms F A → FB and A/F A → B/FB . They
both are homomorphisms of the groups if and only if f : A → B is a morphism of the category T F .
In this case we obtain a commutative diagram of the homomorphisms
0 → F A → A → A/F A → 0
↓ f ↓ f ↓
0 → FB → B → B/FB → 0.
(3)
The ﬁrst homomorphism F A → FB is the restriction of the homomorphism f : A → B on the sub-
group F A . The homomorphism f : A/F A → B/FB is deﬁned as f (a+ F A) = f (a) + FB for a ∈ A.
3.2. The category S
The objects of the category S are ﬁnite sequences with possible repetitions of elements a1, . . . ,an
of an arbitrary ﬁnitely presented Ẑ -module. Let b1, . . . ,bk be another object of the category S . The
morphisms from the object a1, . . . ,an to the object b1, . . . ,bk are pairs (ϕ, T ) consisting of a Ẑ -
module homomorphism ϕ : 〈a1, . . . ,an〉 Ẑ → 〈b1, . . . ,bk〉 Ẑ and a matrix T with integer entries such
that the matrix equality (ϕa1, . . . , ϕan) = (b1, . . . ,bk)T takes place.
3.3. The category D
The objects of the category D are pairs (A, (a)), where A is a quotient divisible group and (a) is
a basis of A written usually as a row (a) = (a1, . . . ,an). Let (B, (b)) be another object of the category
D and (b) = (b1, . . . ,bk). Morphisms from the object (A, (a)) to the object (B, (b)) are the homomor-
phisms f : A → B such that all entries of the matrix T f are integers, where the matrix T f is deﬁned
by the matrix equality ( f a1, . . . , f an) = (b1, . . . ,bk)T f .
3.4. The functor T F → S
Let a torsion-free group A with a basis a1, . . . ,an be an object of the category T F and
F A = 〈a1, . . . ,an〉. Every element z ∈ A is of the form z = m1a1+···+mnanm , where m, m1, . . . ,mn ∈ Z and
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i = 1, . . . ,n. The functions a0i are well deﬁned and they are homomorphisms of the groups. Consid-
ering mim + Z as a set of rational numbers, we obtain that the product (mim + Z)ai is a subset of the
rational vector space V A = Q a1 ⊕ · · · ⊕ Q an . Then the following equality of two sets takes place
z = a01(z)a1 + a02(z)a2 + · · · + a0n(z)an. (4)
The group A0 = Hom(A/F A, Q /Z) is also a module over the ring of universal integers Ẑ = End(Q /Z).
It has been shown in [18] that A0 is a ﬁnitely presented Ẑ -module and the elements a01, . . . ,a
0
n
generate it, i.e. A0 = 〈a01, . . . ,a0n〉 Ẑ . Thus the sequence a01, . . . ,a0n is an object of the category S and
this object corresponds to the object (A, [a]).
Let b1, . . . ,bk be a basis of a torsion-free group B and f : A → B be a morphism of the cate-
gory T F . It means that the entries ti j of the (n×k)-matrix T f are integers, where f ([a]) = T f [b]. That
is f (ar) = tr1b1 + · · · + trkbk =∑ks=1 trsbs for 1 r  n. As it is mentioned above, the homomorphism
f : A → B induces the homomorphism f : A/F A → B/FB , which induces in turn the homomorphism
of Ẑ -modules f 0 = Hom( f , Q /Z) : B0 → A0. For an element ϕ : B/FB → Q /Z of the module B0,
the value f 0(ϕ) is the composition of two homomorphisms f 0(ϕ) = ϕ f : A/F A → Q /Z and it is an
element of the module A0. Now we prove the matrix equality(
f 0b01, . . . , f
0b0k
)= (a01, . . . ,a0n)T f , (5)
which takes place in the Ẑ -module A0. The element f 0(b0i ) ∈ A0 is a homomorphism
f 0(b0i ) : A/F A → Q /Z and we calculate the value ( f 0(b0i ))(z) for an element z ∈ A/F A applying
the equality (4). (
f 0
(
b0i
))
(z) = b0i
(
f
(
a01(z)a1 + a02(z)a2 + · · · + a0n(z)an
))
= b0i
(
a01(z) f a1 + a02(z) f a2 + · · · + a0n(z) f an
)
= b0i
(
n∑
r=1
a0r (z) f ar
)
= b0i
(
n∑
r=1
a0r (z)
k∑
s=1
trsbs
)
= b0i
(
k∑
s=1
(
n∑
r=1
a0r (z)trs
)
bs
)
=
n∑
r=1
a0r (z)tri = a01(z)t1i + a02(z)t2i + · · · + a0n(z)tni .
Since the values of two functions f 0(b0i ) and a
0
1t1i + a02t2i + · · · + a0ntni coincide for all z ∈ A/F A ,
the functions coincide f 0(b0i ) = a01t1i + a02t2i + · · · + a0ntni . It proves the equality (5). This equality
shows that the pair ( f 0, T f ) is a morphism from the object b01, . . . ,b
0
k to the object a
0
1, . . . ,a
0
n in the
category S . It corresponds to the morphism f of the category T F .
3.5. The functor S → T F
Let a01, . . . ,a
0
n be an object of the category S . It means that the Ẑ -module A0 = 〈a01, . . . ,a0n〉 Ẑ is
ﬁnitely presented. We deﬁne a torsion free group A with a basis a1, . . . ,an ∈ A as a group located
between a free group F A and a divisible group V A ,
F A = Za1 ⊕ · · · ⊕ Zan ⊂ A ⊂ Q a1 ⊕ · · · ⊕ Q an = V A .
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for an element ϕ ∈ HomẐ (A0, Q /Z), is injective, because ηA(ϕ) = 0 implies ϕ(a01) = · · · = ϕ(a0n) = 0,
hence ϕ = 0. In particular, the group HomẐ (A0, Q /Z) is torsion. The group A is deﬁned as the pre-
image of the group ImηA under the natural homomorphism V A → V A/F A .
The functor S → T F maps the object a01, . . . ,a0n of the category S to the group A with the basis
a1, . . . ,an ∈ A as an object of the category T F .
Let a pair (g0, T ) be a morphism from the object a01, . . . ,a
0
n to an object b
0
1, . . . ,b
0
k of the cate-
gory S , B0 = 〈b01, . . . ,b0k 〉 Ẑ . It means that g0 : A0 → B0 is a Ẑ -module homomorphism and T is a
(k × n)-matrix with integer entries such that
(
g0a01, . . . , g
0a0n
)= (b01, . . . ,b0k)T .
The Ẑ -module homomorphism g0 : A0 → B0 induces the homomorphism of torsion groups G =
HomẐ (g
0, Q /Z) : HomẐ (B0, Q /Z) → HomẐ (A0, Q /Z), where G(ϕ) = ϕg0 : A0 → Q /Z for ϕ : B0 →
Q /Z . The homomorphisms ηA and ηB are isomorphisms in the diagram
HomẐ (B
0, Q /Z)
ηB→ B/FB ⊂ V B/FB
G ↓
HomẐ (A
0, Q /Z) →
ηA
A/F A ⊂ V A/F A .
Therefore, we are able to deﬁne a homomorphism g = ηAGη−1B : B/FB → A/F A , where g(ϕ(b01)b1 +
· · · + ϕ(b0k )bk) = (ϕ(g0(a01)))a1 + · · · + (ϕ(g0(a0n)))an for ϕ ∈ HomẐ (B0, Q /Z). Here b1, . . . ,bk ∈ B and
a1, . . . ,an ∈ A are the bases provided for the objects of the category T F .
We deﬁne separately a homomorphism g : B → V A by the matrix equality [g(b)] = T [a], where
[g(b)] is the column of the elements g(b1), . . . , g(bk) ∈ V A and [a] is the column of the basic elements
a1, . . . ,an of the rational vector space V A . And now we prove that g(x + FB) = g(x) + F A for every
x ∈ B .
For an element x = r1b1 + · · · + rkbk with rational coeﬃcients r1, . . . , rk , we have g(x) =
r1g(b1) + · · · + rk g(bk) or in the matrix form g(x) = (r1, . . . , rk)[g(b)] = (r1, . . . , rk)T [a]. There-
fore, g(x) + F A = (r1 + Z , . . . , rk + Z)T [a] ∈ V A/F A considering r1 + Z , . . . , rk + Z as elements of
the group Q /Z . On the other hand, we obtain by the deﬁnition of the group B that there ex-
ists an element ϕ ∈ HomẐ (B0, Q /Z) such that x + FB = ϕ(b01)b1 + · · · + ϕ(b0k )bk and therefore
(r1 + Z , . . . , rk + Z) = (ϕ(b01), . . . , ϕ(b0k )). By the deﬁnition of the homomorphism g : B/FB →
A/F A , we have g(x + FB) = g(ϕ(b01)b1 + · · · + ϕ(b0k )bk) = (ϕ(g0(a01)))a1 + · · · + (ϕ(g0(a0n)))an .
Since (g0a01, . . . , g
0a0n) = (b01, . . . ,b0k )T , we have (ϕ(g0(a01)), . . . , ϕ(g0(a0n))) = (ϕb01, . . . , ϕb0k )T =
(r1 + Z , . . . , rk + Z)T , hence g(x + FB) = (r1 + Z , . . . , rk + Z)T [a]. We conclude that g(x + FB) =
g(x)+ F A for every x ∈ B . Since g(x+ FB) ∈ A/F A , it follows that g(x) belongs in fact to the group A.
Thus g is a homomorphism B → A and the following diagram is commutative
0 → FB → B → B/FB → 0
↓ g ↓ g ↓
0 → F A → A → A/F A → 0,
(6)
compare with the diagram (3). In particular, g is a morphism of the category T F . It corresponds to
the morphism (g0, T ) of the category S .
3.6. The functors are mutually inverse
Let a torsion free group A with a basis a1, . . . ,an ∈ A be an object of the category T F . Ap-
plying the functor T F → S , we obtain a sequence of the elements a01, . . . ,a0n of the Ẑ -module
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free group A′ with the same basis a1, . . . ,an ∈ A′ . The group A′ is the pre-image of the sub-
group {ϕ(a01)a1 + · · · + ϕ(a0n)an | ϕ ∈ HomẐ (A0, Q /Z)} ⊂ V A/F A under the natural homomorphism
V A → V A/F A , where V A = Q a1 ⊕ · · · ⊕ Q an and F A = Za1 ⊕ · · · ⊕ Zan .
It has been shown in [18, Isomorphism 5.11] that
A/F A ∼= Hom
Ẑ
(
Hom(A/F A, Q /Z), Q /Z
)
. (7)
We consider now two homomorphisms θA : A/F A → HomẐ (Hom(A/F A, Q /Z), Q /Z) and
ηA : HomẐ (Hom(A/F A, Q /Z), Q /Z) → A′/F A , where ηA is the isomorphism introduced above
ηA(ϕ) = ϕ(a01)a1 + · · · + ϕ(a0n)an ∈ A′/F A for an element ϕ ∈ HomẐ (Hom(A/F A, Q /Z), Q /Z). The
homomorphism θA is deﬁned in the following way. For an element z ∈ A/F A the element
θA(z) is a homomorphism Hom(A/F A, Q /Z) → Q /Z , where θA(z)(x) = x(z) for a homomorphism
x : A/F A → Q /Z . For every z ∈ A/F A we have ηA(θA(z)) = ((θA(z))(a01))a1 + · · · + ((θA(z))(a0n))an =
a01(z)a1 +a02(z)a2 + · · ·+a0n(z)an = z, see the equality (4). In particular, we obtain the inclusion of two
groups A/F A ⊂ A′/F A . The structure of these groups is well known, they are ﬁnite direct sums of
torsion locally cyclic groups. And for them, an inclusion of isomorphic groups is possible only if they
coincide. Therefore, A/F A = A′/F A , hence A = A′ . We conclude that the composition of our functors
T F → S → T F acts identically on the objects of the category T F .
We note additionally that for an element ϕ ∈ HomẐ (A0, Q /Z) we have θA(ηA(ϕ)) = θA(ϕ(a01)a1 +
· · · + ϕ(a0n)an) is a Ẑ -module homomorphism Φ : A0 → Q /Z . Calculating Φ(a0i ) = a0i (ϕ(a01)a1 +
· · · + ϕ(a0n)an) = ϕ(a0i ), we obtain that the homomorphisms ϕ and Φ coincide on the set of
generators a01, . . . ,a
0
n of the Ẑ -module A
0. Therefore Φ = ϕ and θA(ηA(ϕ)) = ϕ for every ϕ ∈
HomẐ (Hom(A/F A, Q /Z), Q /Z). Thus θA and ηA are mutually inverse isomorphisms. It is con-
venient further to identify along the isomorphism θA : A/F A → HomẐ (Hom(A/F A, Q /Z), Q /Z)
such that A/F A = HomẐ (Hom(A/F A, Q /Z), Q /Z) and every element z ∈ A/F A can be consid-
ered as a Ẑ -module homomorphism z : Hom(A/F A, Q /Z) → Q /Z , where z(ϕ) = ϕ(z) for ϕ ∈
Hom(A/F A, Q /Z).
Moreover, taking into account the fact that every ﬁnitely presented Ẑ -module M can be presented
in the form M ∼= Hom(A/F A, Q /Z) for some torsion free group A, see [18], we can deduce from (7)
the isomorphism M ∼= Hom(HomẐ (M, Q /Z), Q /Z). Analogously identifying along it, we obtain the
equality
M = Hom
(
Hom
Ẑ
(M, Q /Z), Q /Z
)
. (8)
Every element m ∈ M is also a homomorphism m : HomẐ (M, Q /Z) → Q /Z , where m(ϕ) = ϕ(m) for
ϕ ∈ HomẐ (M, Q /Z).
We consider now the composition of two functors S → T F → S . Let m1, . . . ,mn be an object
of the category S , i.e. the module M = 〈m1, . . . ,mn〉 Ẑ is ﬁnitely presented. Applying the func-
tor S → T F , we obtain that the corresponding torsion free group A with a basis a1, . . . ,an ∈ A
is the pre-image of the subgroup {ϕ(m1)a1 + · · · + ϕ(mn)an | ϕ ∈ HomẐ (M, Q /Z)} ⊂ V A/F A un-
der the natural homomorphism V A → V A/F A . We can identify A/F A = HomẐ (M, Q /Z). Apply-
ing the functor T F → S to the group A with a basis a1, . . . ,an ∈ A, we obtain the Ẑ -module
A0 = Hom(A/F A, Q /Z) with the sequence of elements a01, . . . ,a0n ∈ A0. Then because of the equal-
ity (8) we have A0 = Hom(A/F A, Q /Z) = Hom(HomẐ (M, Q /Z), Q /Z) = M . For every element z =
ϕ(m1)a1 +· · ·+ϕ(mn)an ∈ A/F A , where ϕ ∈ HomẐ (M, Q /Z), we have also a0i (z) = ϕ(mi) =mi(ϕ). But
ϕ = θA(ηA(ϕ)) = θA(z) = z by our identiﬁcations. Therefore, a0i (z) = mi(z) for every z ∈ A/F A . Thus
two homomorphisms a0i and mi from the group A/F A to the group Q /Z coincide, hence a
0
i =mi for
i = 1, . . . ,n. It is proved that two functors T F → S → T F and S → T F → S act identically on the
objects. The same is true for the morphisms, because the morphisms are determined by the integer
matrices and these matrices don’t change under the functors T F → S and S → T F in our notation,
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columns.
It is proved at last that these two contravariant functors T F → S and S → T F are mutually
inverse and that is a duality of two categories T F and S .
3.7. Comment 1
By the deﬁnition of the functor T F → S we obtain a ﬁnitely presented module A0 =
Hom(A/F A, Q /Z) for a given torsion free group A with a basis a1, . . . ,an . The Ẑ -module A0 is de-
composed into a direct sum A0 = y1 Zχ1 ⊕ · · · ⊕ yn Zχn such that χ1  · · ·  χn . The characteristics
are determined uniquely and some of them can be equal to 0. The basis y1, . . . , yn is not unique of
course. The elements a01, . . . ,a
0
n ∈ A0 are presented in the form a0j = α1 j y1 + · · · + αnj yn , j = 1, . . . ,n.
Thus we obtain the matrix of the coeﬃcients M =
( α11 ··· α1n
··· ··· ···
αn1 ··· αnn
)
, where the entries of the i-th row
belong to the ring Zχi . We remind that if χ = (mp) then Zχ =
∏
p Kp , where Kp = Zpmp for mp < ∞
or Kp = Ẑ p for mp = ∞. So we can consider p-components of the elements of Zχ , they are p-adic
integers or residue classes modulo pmp . The wonderful fact is that the p-components of the matrix
M coincide with the Malcev’s matrices introduced by him in [3] for the given basis a1, . . . ,an of the
group A.
3.8. The functor S → D
Let a sequence x1, . . . , xn be an object of the category S . It means that the Ẑ -module M =
〈x1, . . . , xn〉 Ẑ is ﬁnitely presented. We consider a torsion free divisible group D with a basis d1, . . . ,dn .
The elements deﬁned as a1 = x1 + d1, . . . ,an = xn + dn are linearly independent over Z elements of
the group M ⊕ D . The pure hull of these elements A = 〈a1, . . . ,an〉∗ in the group M ⊕ D is a quo-
tient divisible group and the elements a1, . . . ,an form a basis of the quotient divisible group A, see
[18–20]. The functor S → D maps the object x1, . . . , xn of the category S to the quotient divisible
group A with the marked basis a1, . . . ,an considered as an object of the category D.
Let a pair (ϕ, T ) be a morphism from the object x1, . . . , xn to an object y1, . . . , yk of the cate-
gory S . Applying the functor S → D to the object y1, . . . , yk , we obtain a quotient divisible group B =
〈b1, . . . ,bk〉∗ ⊂ N ⊕ D ′ with the marked basis b1 = y1 + d′1, . . . ,bk = yk + d′k , where N = 〈y1, . . . , yk〉 Ẑ
and D ′ is a torsion free divisible group with a basis d′1, . . . ,d′k . Since (ϕ, T ) is a morphism, it means
that (ϕx1, . . . , ϕxn) = (y1, . . . , yk)T . Besides, since the entries of the matrix T are integers, we can de-
ﬁne an auxiliary homomorphism ϕ′ : D → D ′ by the matrix equality (ϕ′d1, . . . , ϕ′dn) = (d′1, . . . ,d′k)T .
Then we obtain a group homomorphism Φ : M ⊕ D → N ⊕ D ′ , where Φ(x + d) = ϕx + ϕ′d for
x + d ∈ M ⊕ D . It is clear that the matrix equality (Φa1, . . . ,Φan) = (b1, . . . ,bk)T takes place
in the group N ⊕ D ′ . We’ll prove that Φ(A) ⊂ B . Let a ∈ A. Then ma = m1a1 + · · · + mnan for
some integer coeﬃcients with m = 0. We have Φ(ma) = m1Φa1 + · · · + mnΦan or in the matrix
form Φ(ma) = (Φa1, . . . ,Φan)[m], where [m] is the column of the integers m1, . . . ,mn . Therefore
mΦ(a) = (b1, . . . ,bk)T [m]. Since the column T [m] consists of integers, the element mΦ(a) belongs to
the free group 〈b1, . . . ,bk〉, hence Φ(a) ∈ B = 〈b1, . . . ,bk〉∗ . Thus the restriction of the homomorphism
Φ on the group A is a homomorphism f : A → B of the quotient divisible groups. Moreover, it is a
morphism of the category D, because ( f a1, . . . , f an) = (b1, . . . ,bk)T and the entries of the matrix T
are integers. The morphism f : A → B of the category D corresponds to the morphism (ϕ, T ) under
our functor S → D.
3.9. The functor D → S
Let a quotient divisible group A with a chosen basis a1, . . . ,an be an object of the category D.
We consider the Z -adic completion μA : A → Â. The group Â is also a ﬁnitely presented Ẑ -module
and the elements μAa1, . . . ,μAan generate Â over Ẑ , see [20] or [18]. Therefore the sequence
μAa1, . . . ,μAan is an object of the category S . It corresponds to the object (A, (a)) of the cate-
gory D.
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B of the quotient divisible group B and the matrix equality ( f a1, . . . , f an) = (b1, . . . ,bk)T takes place
in the group B with an integer matrix T . It is well known, see [5], that the group homomorphism
f : A → B induces the Ẑ -module homomorphism f 0 : Â → B̂ such that the following diagram is
commutative
A
f→ B
μA ↓ ↓ μB
Â →
f 0
B̂.
It follows from the commutativity of the diagram that ( f 0(μAa1), . . . , f 0(μAan))=(μBb1, . . . ,μBbk)T .
The last matrix equality means that the pair ( f 0, T ) is a morphism from the object μAa1, . . . ,μAan to
the object μBb1, . . . ,μBbk in the category S . The functor D → S maps the given morphism f : A → B
of the category D to the morphism ( f 0, T ) of the category S .
Two covariant functors S → D and D → S are mutually inverse and that is an equivalence of two
categories S and D. It is easy to show directly but actually it has been done in [20, Theorem 3.5].
3.10. The duality between torsion free and quotient divisible groups
We denote as d : D → T F and d′ : T F → D the compositions of the introduced above functors
d : D → S → T F and d′ : T F → S → D. The mutually inverse functors d and d′ give a duality
between the categories D and T F . We obtain the commutative diagram (2) of dualities and equiva-
lences
S
↗↙ ↘↖
D
d

d′
T F .
Let a group A with a marked basis a1, . . . ,an be an object of the category D or of the category T F .
Applying the functor d or d′ , we obtain a group A∗ with a basis a∗1, . . . ,a∗n as an object of the categoryT F or of the category D, respectively. The group A∗ is called dual to the group A with respect to
the basis a1, . . . ,an , the basis a∗1, . . . ,a∗n is called dual to the basis a1, . . . ,an .
We consider for a moment two auxiliary categories A and B. The objects of the category A coin-
cide with the objects of the category T F . The objects of the category B coincide with the objects of
the category D. The morphisms of two categories A and B are quasihomomorphisms of groups.
We remind that the elements of the group Q ⊗ Hom(A, B) are called quasihomomorphisms from
A to B . For every pair of torsion free ﬁnite rank groups A and B the natural homomorphism
Hom(A, B) → Q ⊗ Hom(A, B), where f → 1 ⊗ f , induces the homomorphism MorT F (A, B) →
MorA(A, B) which is obviously injective. The analogous homomorphism MorD(A, B) → MorB(A, B)
is also injective. It is not so obvious but also true. Identifying along these injective homomorphisms,
we obtain that the categories T F and D are subcategories of the categories A and B, respectively.
Now we extend the functors d : D → T F and d′ : T F → D to the categories B and A, respectively,
in the following way. Let f : A → B be a quasihomomorphism of quotient divisible or torsion free
groups. There exists a positive integer m such that mf : A → B is a morphism of the category D
or T F . Then the dual morphism (mf )∗ : B∗ → A∗ of the category T F or D is a homomorphism of
the groups. We deﬁne f ∗ = (mf )∗m is a quasihomomorphism of the groups f ∗ : B∗ → A∗ dual to the
quasihomomorphism f : A → B .
The categories QD and QT F have been considered in [19]. The objects of the category QD
are the quotient divisible groups. The objects of the category QT F are the torsion free ﬁnite rank
groups. The morphisms of two categories QD and QT F are quasihomomorphisms of groups. We
consider the functors A → QT F and B → QD “forgetting” the bases, that is an object A, a1, . . . ,an
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are equivalences of the categories. Thus the duality B
d

d′
A determines a duality for the equivalent
categories QD
d

d′
QT F . It has been proved in [18] that the last duality coincides with the duality
introduced in [19].
Starting with a torsion free group A, we can choose different bases X = {x1, . . . , xn} and Y =
{y1, . . . , yn} of the group A. Then applying the functor d′ : T F → D to the different objects (A, X)
and (A, Y ) of the category T F , we obtain generally the different dual groups A∗X and A∗Y . But as it
is shown in the following theorem, the groups A∗X and A∗Y are quasi-equal, that is the identity map
id : A∗X → A∗Y is a quasiisomorphism.
Theorem 1. (See [21].) Let two bases x1, . . . , xn and y1, . . . , yn of a torsion free group A be written in the
form of columns X and Y . If X = T Y for a nonsingular matrix T with integer entries, then the matrix equality
(y∗1, . . . , y∗n) = (x∗1, . . . , x∗n)T takes place for the dual bases, A∗Y ⊂ A∗X and |A∗X/A∗Y | = |det T |, where |det T |
is the absolute value of the determinant. The same equality takes place for the corresponding objects of the cat-
egory S . Namely, (y01, . . . , y0n) = (x01, . . . , x0n)T and the index of the submodule 〈y01, . . . , y0n〉 Ẑ in the module
〈x01, . . . , x0n〉 Ẑ is also equal to |det T |.
Let f : A → B be a quasihomomorphism of torsion free groups. Then the dual quasihomomor-
phism f ∗ : B∗ → A∗ depends formally on the choice of bases of the groups A and B , but in fact the
dual quasihomomorphism f ∗ : B∗ → A∗ is deﬁned uniquely in the following sense. Let X and Y be
bases of the group A and let U and V be bases of the group B . Then the following diagram of the
quasihomomorphisms is commutative
B∗U
id→ B∗V
f ∗XU ↓ ↓ f ∗Y V
A∗X →id A
∗
Y .
Note that even if f : A → B is a homomorphism of the groups, the dual quasihomomorphism
f ∗XU : B∗U → A∗X is not necessarily a homomorphism of the dual groups as well as f : A → B is not
necessarily a morphism (A, X) → (B,U ) of the category T F . An example is presented in the end of
the next section.
3.11. Comment 2
The Kurosh matrix for a p-primitive torsion free ﬁnite rank group A is introduced originally in the
following way. We ﬁx a basis a1, . . . ,an ∈ A and consider the “p-adic” completion of the group A,
that is the Ẑ p-module Ẑ p ⊗ A. The group A is naturally embedded in the Ẑ p-module Ẑ p ⊗ A. The
Ẑ p-module Ẑ p ⊗ A has a “good” basis y1, . . . , yn ∈ Ẑ p ⊗ A. The Kurosh matrix Kp with p-adic entries
is the matrix expressing the basis a1, . . . ,an over the basis y1, . . . , yn .
First of all we note that p-primitive torsion free ﬁnite rank groups are quotient divisible. Generaliz-
ing now the Kurosh Theorem for arbitrary quotient divisible groups, we replace a p-primitive quotient
divisible group with a ﬁxed basis by an arbitrary quotient divisible group A with a basis a1, . . . ,an ∈ A,
that is an object of the category D. We replace also the p-adic completion by the common Z -adic
completion μ : A → Â. In other words, we apply the functor D → S . To get the Kurosh generalized
matrix we only need to choose a “good” basis of the Ẑ -module Â. Since Â is ﬁnitely presented, it
is of the form Â = y1 Zχ1 ⊕ · · · ⊕ yn Zχn , where χ1  · · ·  χn . The desired good basis is the basis
y1, . . . , yn ∈ Â. The elements μa1, . . . ,μan ∈ Â are presented in the form μa j = α1 j y1 + · · · + αnj yn ,
j = 1, . . . ,n. Thus we obtain the matrix of the coeﬃcients K =
( α11 ··· α1n
··· ··· ···
αn1 ··· αnn
)
, where the entries of the
i-th row belong to the ring Zχi . It is the generalized Kurosh matrix, compare with the Malcev matrix
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Theorem.
Suppose that the corresponding ﬁnitely presented Ẑ -module with a good basis is the same for
an object X of the category T F and for an object Y of the category D. Applying the Malcev duality
T F → S to the object X (see Comment 1), we obtain the Malcev matrix M . Applying the generalized
Kurosh equivalence D → S to the object Y , we obtain the generalized Kurosh matrix K . Then the
objects X and Y are mutually dual if and only if M = K .
Thus we obtain the following interpretation of the diagram (2). The duality T F ↔ S is in fact
the Malcev description, the equivalence D ↔ S is a properly generalized Kurosh Theorem and the
composition of them is the duality T F ↔ D introduced in [19].
4. Exact sequences for torsion free groups
In this section we dualize short exact sequences of homomorphisms for torsion free groups of
ﬁnite rank.
Deﬁnition 2. Let a short exact sequence of homomorphisms 0 → B i→ A j→C → 0 be given such that
all three groups are torsion free of ﬁnite rank or all three groups are quotient divisible. The bases
b1, . . . ,bk ∈ B , a1, . . . ,an ∈ A and ck+1, . . . , cn ∈ C are called coordinated with respect to the given
exact sequence if the homomorphism i maps the ﬁrst basis onto a part of the second basis and the
complement of this part is mapped onto the third basis under the homomorphism j. In other words,
ib1 = a1, . . . , ibk = ak, jak+1 = ck+1, . . . , jan = cn. (9)
The following lemma shows in particular that coordinated bases exist for every short exact se-
quence.
Lemma 1. Let a short exact sequence of homomorphisms 0 → B i→ A j→C → 0 be given such that all
three groups are torsion free of ﬁnite rank or all three groups are quotient divisible. Let b1, . . . ,bk ∈ B
and ck+1, . . . , cn ∈ C be arbitrary bases of the groups B and C, respectively. Then every set of elements
a1, . . . ,an ∈ A satisfying (9) is a basis of the group A. Thus these three bases are coordinated.
Proof. We consider the case where the groups B, A and C are quotient divisible, the case of tor-
sion free groups is more obvious. Let a set of elements a1, . . . ,an ∈ A satisfy (9) and m1a1 + · · · +
mnan = 0 for some integer coeﬃcients. Applying j we obtain mk+1ck+1 + · · · + mncn = 0, because
j(a1) = j(ib1) = 0, . . . , j(ak) = j(ibk) = 0. Since the set ck+1, . . . , cn ∈ C is linearly independent, we
have mk+1 = · · · = mn = 0 and therefore m1a1 + · · · + mkak = 0. Hence i(m1b1 + · · · + mkbk) =
m1a1 +· · ·+mkak = 0. Since i is injective, m1b1 +· · ·+mkbk = 0 as well. It implies m1 = · · · =mk = 0.
Thus the set a1, . . . ,an ∈ A is linearly independent.
We need only to show that the group A/〈a1, . . . ,an〉 is torsion and divisible. Let a = a + F A ∈ A =
A/F A , where F A = 〈a1, . . . ,an〉, a ∈ A. The equality m( ja) =mk+1ck+1+· · ·+mncn takes place for some
integer coeﬃcients m = 0, mk+1, . . . ,mn , because ck+1, . . . , cn ∈ C is a basis of the quotient divisible
group C . Then the element d = ma − (mk+1ak+1 + · · · +mnan) belongs to the subgroup Ker j = Im i,
that is d = ib, b ∈ B . Analogously, rb = r1b1 + · · · + rkbk for some integer coeﬃcients, r = 0. We obtain
i(rb) = r1a1 + · · · + rkak = r(ma − (mk+1ak+1 + · · · + mnan)). The last equality shows that rma ∈ F A ,
that is the element a = a+ F A is torsion and the group A = A/F A is torsion.
Now we prove that the group A is divisible. Let 0 = p ∈ Z and a ∈ A. Since ck+1, . . . , cn ∈ C
is a basis of the quotient divisible group C , the element ja is divisible by p in the group C
modulo FC = 〈ck+1, . . . , cn〉, ja = pc + mk+1ck+1 + · · · + mncn for some c ∈ C and mk+1, . . . ,mn ∈
Z . Since j es surjective, there exists an element d ∈ A such that jd = c. Then the element
(a− pd) − (mk+1ak+1 + · · · +mnan) belongs to the subgroup Ker j = Im i and it is of the form ib, b ∈ B .
The element b is divisible by p in the group B modulo F B = 〈b1, . . . ,bk〉, b = pb′ +m1b1 + · · · +mkbk
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i(pb′ +m1b1 + · · · +mkbk), hence a − pd = p(ib′) +m1a1 + · · · +mnan . That is a + F A = p(d1 + F A),
where d1 = d + ib′ . It shows that the group A is divisible. Thus the set of the elements a1, . . . ,an ∈ A
is a basis of the group A. 
Theorem 2. Let 0 → B i→ A j→C → 0 be an exact sequence of homomorphisms of torsion-free ﬁnite-rank
groups with some coordinated bases. Then the sequence of dual homomorphisms 0→ C∗ j
∗
→ A∗ i∗→ B∗ → 0 of
dual groups with respect to these bases is exact as well. The dual bases of the quotient divisible groups C∗ , A∗ ,
B∗ are also coordinated.
Proof. Let b1, . . . ,bk ∈ B , a1, . . . ,an ∈ A and ck+1, . . . , cn ∈ C be the coordinated bases written as the
columns [b], [a] and [c], respectively, that is ib1 = a1, . . . , ibk = ak , jak+1 = ck+1, . . . , jan = cn . The
homomorphisms i and j determine the matrices Ti and T j of dimension k×n and n× (n−k) respec-
tively by the matrix equalities i([b]) = Ti[a] and j([a]) = T j[c]. The matrices are of the form
Ti =
⎛⎜⎝
1 0 · · · 0 0 · · · 0
0 1 · · · 0 0 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 · · · 1 0 · · · 0
⎞⎟⎠ and T j =
⎛⎜⎜⎜⎜⎜⎜⎜⎝
0 0 · · · 0
· · · · · · · · · · · ·
0 0 · · · 0
1 0 · · · 0
0 1 · · · 0
· · · · · · · · · · · ·
0 0 · · · 1
⎞⎟⎟⎟⎟⎟⎟⎟⎠
.
Since the entries of the matrices are integers, the homomorphisms i and j are also morphisms of the
category T F . We can apply the functor d′ : T F → D to the given exact sequence
0→ C∗ j
∗
→ A∗ i∗→ B∗ → 0. (10)
The dual morphisms (homomorphisms of the quotient divisible groups) j∗ and i∗ acts on the dual
bases c∗k+1, . . . , c
∗
n ∈ C∗ , a∗1, . . . ,a∗n ∈ A∗ and b∗1, . . . ,b∗k ∈ B∗ so that ( j∗c∗k+1, . . . , j∗c∗n) = (a∗1, . . . ,a∗n)T j
and (i∗a∗1, . . . , i∗a∗n) = (b∗1, . . . ,b∗k )Ti . We obtain the equalities
j∗c∗k+1 = a∗k+1, . . . , j∗c∗n = a∗n, i∗a∗1 = b∗1, . . . , i∗a∗k = b∗k , i∗a∗k+1 = · · · = i∗a∗n = 0.
(11)
The equalities show in particular that the dual bases are coordinated, we need only to prove the
exactness of the sequence (10).
Our exact sequence of the category T F induces the following commutative diagram (see the dia-
gram (3))
0 0 0
↓ ↓ ↓
0 → FB → F A → FC → 0
↓ ↓ ↓
0 → B i→ A j→ C → 0
↓ ↓ ↓
0 → B/FB → A/F A → C/FC → 0
↓ ↓ ↓
0 0 0
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0 → B/FB → A/F A → C/FC → 0 is also exact. Applying the functor Hom(−, Q /Z), we obtain an
exact sequence of Ẑ -module homomorphisms 0→ C0 j
0
→ A0 i0→ B0 → 0. According to the deﬁnition of
the functor T F → S , each of the given bases of the groups C, A and B induces a set of generators
in the appropriate module such that C0 = 〈c0k+1, . . . , c0n〉 Ẑ , A0 = 〈a01, . . . ,a0n〉 Ẑ , B0 = 〈b01, . . . ,b0k 〉 Ẑ and
the following matrix equalities take place ( j0c0k+1, . . . , j
0c0n) = (a01, . . . ,a0n)T j and (i0a01, . . . , i0a0n) =
(b01, . . . ,b
0
k )Ti , see the equality (5). That is
j0c0k+1 = a0k+1, . . . , j0c0n = a0n, i0a01 = b01, . . . , i0a0k = b0k , i0a0k+1 = · · · = i0a0n = 0.
Thus, the pairs ( j0, T j) and (i0, Ti) are morphisms of the category S . According to the deﬁnition of
the functor S → D, we consider an auxiliary sequence of homomorphisms of torsion free divisible
groups
0→ D ′ j
′
→ D i′→ D ′′ → 0, (12)
where j′ and i′ are deﬁned by the same action on the bases d′k+1, . . . ,d
′
n ∈ D ′ , d1, . . . ,dn ∈ D and
d′′1, . . . ,d′′k ∈ D ′′ as for the homomorphisms j0 and i0. Namely,
j′d′k+1 = dk+1, . . . , j′d′n = dn, i′d1 = d′′1, . . . , i′dk = d′′k , i′dk+1 = · · · = i′dn = 0.
The last equalities show in particular that the sequence (12) is exact. Therefore the sequence of group
homomorphisms
0→ C0 ⊕ D ′ J→ A0 ⊕ D I→ B0 ⊕ D ′′ → 0, (13)
where J = ( j0, j′) and I = (i0, i′), is also exact as a direct sum of two exact sequences.
The homomorphisms j∗ : C∗ → A∗ and i∗ : A∗ → B∗ are the restrictions of J and I on C∗ and A∗ ,
respectively. We obtain immediately that j∗ is injective and Im j∗ ⊂ Ker i∗ , because it is true for J
and I . Thus, it remains to prove that (1) i∗ is surjective and (2) Ker i∗ ⊂ Im j∗ .
(1) The homomorphism i∗ is surjective. Let an element x = b + d′′ ∈ B0 ⊕ D ′′ , b ∈ B0, d′′ ∈
D ′′ , belong to B∗ . It means that there exist integers m, m1, . . . ,mk with m = 0 such that mx =
m1b∗1 + · · · + mkb∗k , where b∗1 = b01 + d′′1, . . . ,b∗k = b0k + d′′k . In particular, mb = m1b01 + · · · + mkb0k
and d′′ = 1m (m1d′′1 + · · · + mkd′′k ). Since the Ẑ -module homomorphism i0 : A0 → B0 is surjective,
i0(a) = b for some element a ∈ A0. Without loss of generality, the element is of the form a =
α1a01 + · · · + αka0k , where α1, . . . ,αk ∈ Ẑ . Then i0(a) = α1b01 + · · · + αkb0k and we obtain the equality
(mα1 − m1)b01 + · · · + (mαk − mk)b0k = 0 in the Ẑ -module B0. Therefore, (mα1 − m1)a01 + · · · +
(mαk − mk)a0k ∈ Ker i0 = Im j0 and (mα1 − m1)a01 + · · · + (mαk − mk)a0k = βk+1a0k+1 + · · · + βna0n
for some universal integers βk+1, . . . , βn ∈ Ẑ . We choose universal numbers αk+1, . . . ,αn such that
βk+1 =mk+1 −mαk+1, . . . , βn =mn −mαn and mk+1, . . . ,mn ∈ Z . It is always possible to do. Then we
obtain the equality (mα1 −m1)a01 + · · · + (mαk −mk)a0k = (mk+1 −mαk+1)a0k+1 + · · · + (mn −mαn)a0n
in the Ẑ -module A0, that is m1a01 + · · · + mna0n = m(α1a01 + · · · + αna0n). Therefore the element
m1a∗1 +· · ·+mna∗n is divisible by m in the group A0 ⊕ D . Namely, m1a∗1 +· · ·+mna∗n =m(y+d), where
y = α1a01 + · · · + αna0n ∈ A0 and d = 1m (m1d1 + · · · +mndn) ∈ D . Hence the element y + d belongs to
the group A∗ . Now i∗(y+d) = i0(y)+ i′(d) = (α1b01 +· · ·+αkb0k )+ 1m (m1d′′1 +· · ·+mkd′′k ) = b+d′′ = x.
Thus, the homomorphism i∗ is surjective.
(2) The inclusion Ker i∗ ⊂ Im j∗ . Let an element v = a + d ∈ A0 ⊕ D , a ∈ A0, d ∈ D , belong to
Ker i∗ . In particular, i0(a) = 0 and i′(d) = 0. Since the element d is of the form r1d1 + · · · + rndn with
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since Ker i0 ⊂ Im j0, the element a is of the form a = j0(αk+1c0k+1 + · · · + αnc0n) = αk+1a0k+1 + · · · +
αna0n for some αk+1, . . . ,αn ∈ Ẑ . Thus, the element v is of the form v = αk+1a0k+1 + · · · + αna0n +
rk+1dk+1 +· · ·+ rndn and therefore v = J (z), where z = αk+1c0k+1 +· · ·+αnc0n + rk+1d′k+1 +· · ·+ rnd′n ∈
C0 ⊕ D ′ .
The element v belongs to the group A∗ . It means that mv = m1a∗1 + · · · + mna∗n for some in-
teger coeﬃcients with m = 0 reminding a∗1 = a01 + d1, . . . ,a∗n = a0n + dn . In particular, we have
m(rk+1dk+1 + · · · + rndn) =m1d1 + · · · +mndn , hence m1 = · · · =mk = 0. We obtain mv =mk+1a∗k+1 +· · · +mna∗n = J (mk+1c∗k+1 + · · · +mnc∗n). On the other hand, mv = J (mz). Since the homomorphism J
is injective, the equality J (mz) = J (mk+1c∗k+1 + · · · +mnc∗n) implies mz =mk+1c∗k+1 + · · · +mnc∗n . The
last equality means that z ∈ C∗ . We get j∗(z) = J (z) = v and v ∈ Im j∗ . The theorem is completely
proved. 
Note that the exact sequence of the Ẑ -module homomorphisms 0 → C0 j
0
→ A0 i0→ B0 → 0 induces
also a sequence of the group homomorphisms 0→ 〈c0k+1, . . . , c0n〉∗
j0→〈a01, . . . ,a0n〉∗
i0→〈b01, . . . ,b0k 〉∗ → 0
in the proof of Theorem 2, because the restrictions of j0 and i0 on these groups are homomorphisms
of the groups. But the last sequence is not necessarily exact, the condition Ker i0 ⊂ Im j0 can be
broken.
Let 0 → B i→ A j→C → 0 be an exact sequence of homomorphisms of torsion-free ﬁnite-rank
groups and let b1, . . . ,bk ∈ B and ck+1, . . . , cn ∈ C be ﬁxed bases of the groups. Lemma 1 shows
in particular that there exist generally many different bases a1, . . . ,an ∈ A such that the three bases
are coordinated. Applying Theorem 2 to the different bases a1, . . . ,an ∈ A, we obtain different results.
Moreover, the dual exact sequence of quotient divisible groups for a given split sequence of torsion
free groups can be split or not split depending on the choice of the basis a1, . . . ,an ∈ A. We show it
on an example in the ﬁnal part of this section.
Let Q p = {mn ∈ Q | (m, p) = 1} for a prime number p. The dual quotient divisible group for the
group Q p with respect to the basis {1} is also a subgroup of the group of rational numbers Q (p) =
{ m
pk
∈ Q | k,m ∈ Z}. We start with the split exact sequence of torsion free groups
0→ x1Q 2 i→ x1Q 2 ⊕ x2Q 5 j→ x2Q 5 → 0,
where ix1 = x1, jx1 = 0, jx2 = x2. The dual sequence of quotient divisible groups with respect to the
distinguished bases is
0→ x∗2Q (5)
j∗→ x∗1Q (2) ⊕ x∗2Q (5) i
∗→ x∗1Q (2) → 0.
At ﬁrst we ﬁx the basis b1 = x1 of the group B = x1Q 2 and the basis c2 = 13 x2 of the group C = x2Q 5.
We can do it, because 13 ∈ Q 5. Now we consider two different bases of the group A = x1Q 2 ⊕ x2Q 5
which both are coordinated with the ﬁxed bases {b1} ⊂ B and {c2} ⊂ C .
The ﬁrst basis is a1 = x1, a2 = 13 x2. The three bases b1 ∈ B; a1,a2 ∈ A; c2 ∈ C are obviously coordi-
nated. Applying Theorem 1 we can see that the dual quotient divisible group C∗ with respect to the
basis c2 ∈ C is a subgroup of the group x∗2Q (5) of index 3 and c∗2 = 3x∗2. Analogously the group A∗
with respect to the basis a1,a2 ∈ A is a subgroup of the group x∗1Q (2) ⊕ x∗2Q (5) of index 3 as well,
where a∗1 = x∗1 and a∗2 = 3x∗2. The group B∗ coincides with the group x∗1Q (2) , b∗1 = x∗1. According to
Theorem 2, we obtain the dual split sequence 0 → c∗2Q (5)
j∗→a∗1Q (2) ⊕ a∗2Q (5)
i∗→b∗1Q (2) → 0 with
respect to the chosen bases, here j∗(c∗2) = a∗2, i∗(a∗1) = b∗1, i∗(a∗2) = 0.
The second basis is a1 = x1, a2 = − 13 x1 + 13 x2. It is easy to see that the three bases b1 ∈ B;
a1,a2 ∈ A; c2 ∈ C are coordinated as well. By Theorem 1, the relation
( x1
x
)= ( 1 0)( a1a ) for the given2 1 3 2
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( 1 0
1 3
)
of the dual quotient
divisible group A∗ . Thus A∗ ⊂ x∗1Q (2) ⊕ x∗2Q (5) is a subgroup of index 3= det
( 1 0
1 3
)
and the dual basis
is a∗1 = x∗1 + x∗2, a∗2 = 3x∗2. Denoting z1 = 3x∗1 and z2 = a∗2 = 3x∗2, we obtain
A∗ =
〈
z1Q
(2) ⊕ z2Q (5), z1 + z2
3
〉
in the notation of the book [5]. This group is indecomposable, see [5, Example 88.2], or [21, Exam-
ple 1]. Therefore the dual exact sequence 0→ c∗2Q (5)
j∗→ A∗ i∗→b∗1Q (2) → 0 doesn’t split.
It is also interesting to consider the splitting homomorphism f : A → B in the case of the second
basis, f i = idB . We have
( f a1
f a2
)= ( 1−1/3)b1. Since the matrix ( 1−1/3) is not integer, the homomorphism
f is not a morphism of the category T F . But for the duality [19] between the categories QT F and
QD, every homomorphism determines the dual quasihomomorphism. In our case, f ∗ : B∗ → A∗ is
determined by the matrix equality f ∗(b∗1) = (a∗1,a∗2)
( 1
−1/3
)
. We obtain f ∗(b∗1) = a∗1 − 13a∗2 = (x∗1 + x∗2)−
1
3 (3x
∗
2) = x∗1 ∈ (x∗1Q (2) ⊕ x∗2Q (5)) \ A∗ . Thus, f ∗(b∗1) /∈ A∗ . It means that f ∗ is not a homomorphism
B∗ → A∗ , but it is a quasihomomorphism B∗ → A∗ , because 3 f ∗ : B∗ → A∗ is a homomorphism of
the groups. The example shows in particular that the dual quasihomomorphisms in the sense of [19]
for real homomorphisms of groups are not necessarily homomorphisms of the groups. That is the
reason, why the duality [19] has been introduced for the categories of quasihomomorphisms. The
same is true for the duality by D. Arnold [22] and for the more general dualities [10,12] as well. We
are trying to improve the situation considering the group homomorphisms in the present paper.
5. Exact sequences for quotient divisible groups
Every sequence of homomorphisms of groups 0 → B i→ A j→C → 0 induces a sequence of Ẑ -
module homomorphisms of their Z -adic completions 0 → B̂ i0→ Â j
0
→ Ĉ → 0. But the exactness of the
ﬁrst sequence doesn’t imply generally the exactness of the second one. The simplest example is 0 →
Z → Q → Q /Z → 0. In this section we dualize exact sequences of homomorphisms for quotient
divisible groups.
Theorem 3. Let 0 → B i→ A j→C → 0 be an exact sequence of homomorphisms of quotient divisible groups.
Then the induced sequence of Ẑ -module homomorphisms of Z-adic completions 0→ B̂ i0→ Â j
0
→ Ĉ → 0 is also
exact.
Proof. The commutative diagram with the upper exact row takes place
0→ B i→ A j→ C → 0
↓ μB ↓ μA ↓ μC
0→ B̂ i0→ Â j
0
→ Ĉ → 0.
(14)
The vertical arrows are Z -adic completions. We’ll denote as x0 the image of an element x under the
Z -adic completion. We choose coordinated bases b1, . . . ,bk ∈ B , a1, . . . ,an ∈ A and ck+1, . . . , cn ∈ C
according to Lemma 1. Thus ib1 = a1, . . . , ibk = ak , ja1 = · · · = jak = 0, jak+1 = ck+1, . . . , jan = cn .
Since the groups B , A and C are quotient divisible, it follows that B̂ = 〈b01, . . . ,b0k 〉 Ẑ , Â = 〈a01, . . . ,a0n〉 Ẑ
and Ĉ = 〈c0k+1, . . . , c0n〉 Ẑ . Since the generating elements c0k+1 = j0a0k+1, . . . , c0n = j0a0n of the Ẑ -module
Ĉ belong to Im j0, the homomorphism j0 is surjective. Every element of the module B̂ is of the form
α1b01 + · · · + αkb0k with universal integer coeﬃcients. Since the Ẑ -module homomorphism j0i0 maps
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0
k to 0, it maps all elements to zero. Hence j
0i0 = 0 and Im i0 ⊂ Ker j0. It
remains to prove (1) i0 is injective and (2) Ker j0 ⊂ Im i0.
(1) Let i0 map an element of B̂ to zero, i0(α1b01 + · · · + αkb0k ) = 0, α1, . . . ,αk ∈ Ẑ . That is
α1a01 + · · · + αka0k = 0. For every positive integer m there exists a unique collection of integers
r(m)1 , . . . , r
(m)
k such that for every i = 1, . . . ,k the following statements are true:⎧⎪⎪⎪⎨⎪⎪⎪⎩
1. 0 r(m)i <m.
2. αi = r(m)i −mβi for some βi ∈ Ẑ .
3. The numbers r(m)i are “coordinated” in the following sense.
If an integer M is divisible bym, then r(M)i ≡ r(m)i (modm).
(∗)
The condition (∗) means that lim r(m)i = αi in the Z -adic topology of the ring Z . Applying (∗), we
obtain an equality in the Ẑ -module Â
r(m)1 a
0
1 + · · · + r(m)k a0k =m
(
β1a
0
1 + · · · + βka0k
)
for every positive integer m. The equation r(m)1 a
0
1 + · · · + r(m)k a0k =mx with the variable x has solutions
in the subgroup μA(A) as well, because it is pure. Moreover, since the torsion parts of μA(A) and
Â coincide, β1a01 + · · · + βka0k = μA(a) for an element a ∈ A. Let us consider an element d = r(m)1 a1 +
· · ·+ r(m)k ak −ma ∈ A. Then μA(d) = r(m)1 a01 +· · ·+ r(m)k a0k −m(β1a01 +· · ·+βka0k ) = 0, that is d ∈ KerμA .
Since KerμA is torsion free divisible, there exists d′ ∈ KerμA such that d =md′ . We obtain the equality
r(m)1 a1 +· · ·+ r(m)k ak =m(a+d′) in the group A. Applying the homomorphism j, we have mj(a+d′) =
0, i.e. the element j(a + d′) ∈ C is periodic. On the other hand, (μC j)(a + d′) = ( j0μA)(a + d′) =
j0(β1a01 + · · · + βka0k ) = 0. Thus j(a + d′) is a torsion element of the torsion free group KerμC , hence
j(a + d′) = 0. The exactness of the ﬁrst row in the diagram (14) implies that a + d′ = ib for an
element b ∈ B . Calculating i(r(m)1 b1 + · · · + r(m)k bk − mb) = r(m)1 a1 + · · · + r(m)k ak − m(a + d′) = 0, we
obtain r(m)1 b1 + · · · + r(m)k bk −mb = 0, because i is injective. Therefore, for every positive integer m we
have an equality in the Zm-module B/mB
r(m)1 b1 + · · · + r(m)k bk = 0, where b1 = b1 +mB, . . . , bk = b1 +mB ∈ B/mB.
Since the coeﬃcients are coordinated and they converge to the universal integers α1, . . . ,αk respec-
tively, this collection of equalities means that α1b01 + · · · + αkb0k = 0 in the Ẑ -module B̂ . Thus the
homomorphism i0 is injective.
(2) Now we prove that Ker j0 ⊂ Im i0. Let α1a01 + · · · + αna0n ∈ Ker j0, α1, . . . ,αn ∈ Ẑ . Since
α1a01 + · · ·+αka0k = i0 (α1b01 + · · ·+αkb0k ) ∈ Im i0, it is suﬃcient to prove that αk+1a0k+1 + · · ·+αna0n ∈
Im i0. We have j0(αk+1a0k+1 + · · · + αna0n) = αk+1c0k+1 + · · · + αnc0n = 0. For every positive integer
m there exists a unique collection of integers r(m)k+1, . . . , r
(m)
n satisfying the condition (∗) for every
i = k + 1, . . . ,n. As it is already clear, the equalities
r(m)k+1c
0
k+1 + · · · + r(m)n c0n =m
(
βk+1c0k+1 + · · · + βnc0n
)
take place in the Ẑ -module Ĉ for every positive integer m. As above, there exists an element
c ∈ C such that μC (c) = βk+1c0k+1 + · · · + βnc0n . Considering the element d = r(m)k+1ck+1 + · · · +
r(m)n cn −mc ∈ C , we can see that d ∈ KerμC and d = md′ for some d′ ∈ KerμC . At last we have the
equality r(m)k+1ck+1 + · · · + r(m)n cn −m(c + d′) = 0 in the group C . Since the homomorphism j is surjec-
tive, there exists an element a ∈ A such that c+d′ = ja. The element r(m)k+1ak+1 + · · ·+ r(m)n an −ma ∈ A
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r(m)k+1ak+1 + · · · + r(m)n an −ma = ib. Applying the homomorphism of completion, we obtain
r(m)k+1a
0
k+1 + · · · + r(m)n a0n −ma0 = μA(ib) = i0(μBb). (15)
The element i0(μBb) ∈ Â is of the form i0(μBb) = γ1a01 + · · · + γka0k for some universal integer co-
eﬃcients γ1, . . . , γk . Applying (∗), we choose integer approximations s(m)1 , . . . , s(m)k of the universal
integers γ1, . . . , γk such that γ1 ≡ −s(m)1 (mod m), . . . , γk ≡ −s(m)k (mod m) in the ring Ẑ . Then
γ1a01 + · · · + γka0k = −(s(m)1 a01 + · · · + s(m)k a0k ) + mx for some x ∈ Â. Substituting it in (15), we have
s(m)1 a
0
1 +· · ·+ s(m)k a0k + r(m)k+1a0k+1 +· · ·+ r(m)n a0n =m(a0 + x). As above, the element a0 + x belongs in fact
to μA(A) and the element s
(m)
1 a1 + · · · + s(m)k ak + r(m)k+1ak+1 + · · · + r(m)n an ∈ A is divisible by m in the
group A. Therefore, we have ﬁnally the following equality in the Zm-module A/mA for every positive
integer m :
s(m)1 a1 + · · · + s(m)k ak + r(m)k+1ak+1 + · · · + r(m)n an = 0, (16)
where a1 = a1 + A, . . . ,an = an + A ∈ A/mA. We cannot conclude directly that the desired equality
γ1a01 + · · · + γna0n + αk+1a0k+1 + · · · + αna0n = 0 takes place in the Ẑ -module Â, because the choice
of universal coeﬃcients γ1, . . . , γk depends on m and the integer coeﬃcients s
(m)
1 , . . . , s
(m)
k are not
coordinated over m. Although the coeﬃcients r(m)k+1, . . . , r
(m)
n are ﬁxed and coordinated, they converge
to the universal integers αk+1, . . . ,αn ∈ Ẑ , respectively. So we need to use the compactness of the
group Â in the following way. First of all, note that for every positive divisor t of the number m, the
equality (16) implies an equality in the group A/t A
s(t)1 a1 + · · · + s(t)k ak + r(t)k+1ak+1 + · · · + r(t)n an = 0, (17)
where s(t)1 ≡ s(m)1 (mod t), . . . , s(t)k ≡ s(m)k (mod t), r(t)k+1 ≡ r(m)k+1 (mod t), . . . , r(t)n ≡ r(m)n (mod t). We call
the equality (17) as the descent of the equality (16) from m to t . The n-tuple (s(t)1 , . . . , s
(t)
k , r
(t)
k+1, . . . , r
(t)
n )
is called the descent of the n-tuple (s(m)1 , . . . , s
(m)
k , r
(m)
k+1, . . . , r
(m)
n ) from m to t . The Z -adic completion
Â is the limit of the inverse spectrum
· · · → A/(n!)A → ·· · → A/(3!)A → A/(2!)A → 0.
For every natural number h we consider the set Σh of all n-tuples (s
(h!)
1 , . . . , s
(h!)
k , r
(h!)
k+1, . . . , r
(h!)
n )
such that the equality of the form (16) for m = h! is true in the group A/(h!)A. Here the numbers
r(h!)k+1, . . . , r
(h!)
n are ﬁxed and coordinated as before and s
(h!)
1 , . . . , s
(h!)
k are variables. It is already shown
that Σh = ∅ for all h. Let l be a natural number and Σh+lh be the set of descents from (h + l)! to h!
of all elements of the set Σh+l . It is clear that Σh ⊃ Σh+lh . We obtain an inﬁnite chain of inclusions
of nonempty ﬁnite sets Σh ⊃ Σh+1h ⊃ Σh+2h ⊃ Σh+3h ⊃ · · · . The chain has to be necessarily stabilized
and the set Ωh =⋂l Σh+lh is nonempty as well for every natural h. We choose now an arbitrary n-
tuple (s(2!)1 , . . . , s
(2!)
k , r
(2!)
k+1, . . . , r
(2!)
n ) ∈ Ω2 and consider all the n-tuples of Σ3 such that their descents
to 2! coincide with the chosen n-tuple of Ω2. At least one of them belongs to Ω3, because the both
equalities Ω2 = Σ l2 and Ω3 = Σ l3 take place for a suﬃciently great l and every n-tuple of Σl , getting
down to the chosen n-tuple of Ω2, is mapped also to an n-tuple of Ω3 coordinated with the chosen
one of Ω2. We choose it, then we choose an element of Ω4 such that its descent to 3! coincides with
the chosen n-tuple of Ω3, and so on. Taking into account all the descents of the chosen n-tuples, we
obtain a collection of equalities (16) for all natural numbers m, where the coeﬃcients s(m)1 , . . . , s
(m)
k
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lection of the equalities (16) means now the equality δ1a01 + · · · + δka0k +αk+1a0k+1 + · · · +αna0n = 0 in
the Ẑ -module Â. Thus αk+1a0k+1 + · · · + αna0n = −(δ1a01 + · · · + δka0k) = −i0(δ1b01 + · · · + δkb0k ) ∈ Im i0.
It completes the proof of the theorem. 
Lemma 2. Let A ⊂ B be an inclusion of ﬁnitely presented Ẑ -modules. Then for every Ẑ -module homomorphism
ϕ : A → Q /Z there exists a Ẑ -module homomorphism ψ : B → Q /Z such that the restriction of ψ on A
coincides with ϕ .
Proof. First we consider the case, where B is cyclic, that is B ∼= Zχ for a characteristic χ = (mp).
Note that for an element r ∈ Q /Z of the order n = ∏ pkp the map 1 → r can be extended to a
homomorphism Zχ → Q /Z if and only if kp  mp for all prime numbers p. A ﬁnitely presented
submodule A is of the form A = {x ∈ Zχ | char(x)  κ} = 〈α〉 Ẑ ∼= Z(χ−κ) , where κ = (lp)  χ and α
is an arbitrary element of the characteristic κ . Let ϕ : A → Q /Z be a Ẑ -module homomorphism
and n =∏ pkp be the order of the element ϕ(α) ∈ Q /Z . Then kp  mp − lp for all primes p, be-
cause 〈α〉 Ẑ ∼= Z(χ−κ) . Since kp + lp  mp for all p, the map 1 → (
∏
pkp+lp )−1 + Z ∈ Q /Z can be
extended to a homomorphism ϕ1 : Zχ → Q /Z . Since the characteristic of α is κ = (lp), it follows
that the order of the element ϕ1(α) = ϕ1(α1) = αϕ1(1) = α((∏ pkp+lp )−1 + Z) is equal to n =∏ pkp .
Thus two elements ϕ(α) and ϕ1(α) of the group Q /Z have the same order n and belong to the
same cyclic group (Q /Z)[n]. Hence there exists an integer m such that ϕ(α) = mϕ1(α). Then the
restriction of the homomorphism ψ = mϕ1 on A coincides with ϕ . Since every ﬁnitely presented
Ẑ -module B is in particular ﬁnitely generated, B = 〈b1, . . . ,bn〉 Ẑ , and it is the union of the chain
A ⊂ 〈A,b1〉 Ẑ ⊂ 〈A,b1,b2〉 Ẑ ⊂ · · · ⊂ 〈A,b1, . . . ,bn〉 Ẑ = B , it is suﬃcient to prove the lemma in the
case B = 〈A,b〉 Ẑ . Every homomorphism ϕ : A → Q /Z induces a homomorphism A ∩ 〈b〉 Ẑ → Q /Z .
Since A ∩ 〈b〉 Ẑ is also a ﬁnitely presented submodule of the module 〈b〉 Ẑ , it is already shown that
the last homomorphism can be extended to a homomorphism ϕ1 : 〈b〉 Ẑ → Q /Z such that ϕ1 coin-
cides with ϕ on the intersection A ∩ 〈b〉 Ẑ . The desired homomorphism ψ : B → Q /Z is deﬁned as
ψ(a+ αb) = ϕ(a) + ϕ1(αb) for an element a+ αb ∈ B . 
Theorem 4. Let 0 → B i→ A j→C → 0 be an exact sequence of homomorphisms of quotient divisible groups
with some coordinated bases. Then the sequence of dual homomorphisms 0 → C∗ j
∗
→ A∗ i∗→ B∗ → 0 of dual
torsion free groups with respect to these bases is exact as well. The dual bases of the torsion-free groups C∗ , A∗ ,
B∗ are also coordinated.
Proof. Let b1, . . . ,bk ∈ B,a1, . . . ,an ∈ A and ck+1, . . . , cn ∈ C be coordinated bases of the given quo-
tient divisible groups. It means that ib1 = a1, . . . , ibk = ak , ja1 = · · · = jak = 0, jak+1 = ck+1, . . . ,
jan = cn . By Theorem 3, we have an exact sequence of Ẑ -module homomorphisms 0 → B̂ i
0→ Â j
0
→
Ĉ → 0 of the Z -adic completions. Since the groups B , A and C are quotient divisible, we have
B̂ = 〈b01, . . . ,b0k 〉 Ẑ , Â = 〈a01, . . . ,a0n〉 Ẑ and Ĉ = 〈c0k+1, . . . , c0n〉 Ẑ . Moreover, i0b01 = a01, . . . , i0b0k = a0k ,
j0a01 = · · · = j0a0k = 0, j0a0k+1 = c0k+1, . . . , j0a0n = c0n , where x0 denotes the image of the element
x under the Z -adic completion. Thus we have a sequence of morphisms of the category S and
we can apply the functor S → T F . It follows from Lemma 2 that the induced sequence 0 →
HomẐ (Ĉ, Q /Z)
J→HomẐ ( Â, Q /Z) I→HomẐ (B̂, Q /Z) → 0 is also exact, because the connecting homo-
morphism HomẐ (B̂, Q /Z) → Ext Ẑ (Ĉ, Q /Z) is zero. Here J (ϕ) = ϕ j0 : Â → Q /Z for a homomorphism
ϕ : Ĉ → Q /Z and I(ψ) = ψ i0 : B̂ → Q /Z for a homomorphism ψ : Â → Q /Z . According to the deﬁni-
tion of the functor S → T F , we deﬁne the torsion-free groups C∗ , A∗ , B∗ as subgroups of the rational
vector spaces VC = c∗k+1Q ⊕ · · · ⊕ c∗n Q , V A = a∗1Q ⊕ · · · ⊕ a∗n Q and V B = b∗1Q ⊕ · · · ⊕ b∗k Q , containing
the free subgroups FC = c∗k+1 Z⊕· · ·⊕c∗n Z , F A = a∗1 Z⊕· · ·⊕a∗n Z and FB = b∗1 Z⊕· · ·⊕b∗k Z , respectively.
Identifying along the isomorphisms ηC : HomẐ (Ĉ, Q /Z) → C∗/FC ⊂ VC/FC , ηA : HomẐ ( Â, Q /Z) →
A∗/F A ⊂ V A/F A and ηB : HomẐ (B̂, Q /Z) → B∗/FB ⊂ V B/FB , we obtain a commutative diagram (see
the diagram (6))
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↓ ↓ ↓
0 → FC → F A → FB → 0
↓ ↓ ↓
0 → C∗ j
∗
→ A∗ i∗→ B∗ → 0
↓ ↓ ↓
0 → C∗/FC J→ A∗/F A I→ B∗/FB → 0.
↓ ↓ ↓
0 0 0
(18)
The homomorphisms j∗ : C∗ → A∗ and i∗ : A∗ → B∗ are deﬁned with the help of matrices
⎛⎜⎝ j
∗c∗k+1
...
j∗c∗n
⎞⎟⎠= T j
⎛⎜⎝a
∗
1
...
a∗n
⎞⎟⎠ and
⎛⎜⎝ i
∗a∗1
...
i∗a∗n
⎞⎟⎠= Ti
⎛⎜⎝b
∗
1
...
b∗k
⎞⎟⎠ . (19)
The matrices T j and Ti are obtained from the matrix equalities ( ja1, . . . , jan) = (ck+1, . . . , cn)T j and
(ib1, . . . , ibk) = (a1, . . . ,an)Ti . Therefore the matrices T j and Ti are of dimension (n−k)×n and n×k,
respectively, and they are of the form
T j =
⎛⎜⎝
0 · · · 0 1 0 · · · 0
0 · · · 0 0 1 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 · · · 0 0 0 · · · 1
⎞⎟⎠ and Ti =
⎛⎜⎜⎜⎜⎜⎜⎜⎝
1 0 · · · 0
0 1 · · · 0
· · · · · · · · · · · ·
0 0 · · · 1
0 0 · · · 0
· · · · · · · · · · · ·
0 0 · · · 0
⎞⎟⎟⎟⎟⎟⎟⎟⎠
.
Substituting it in (19), we obtain the result.
j∗c∗k+1 = a∗k+1, . . . , j∗c∗n = a∗n, i∗a∗1 = b∗1, . . . , i∗a∗k = b∗k , i∗a∗k+1 = · · · = i∗a∗n = 0.
(20)
The homomorphisms of the ﬁrst row in the diagram (18) are the restrictions of the homomor-
phisms j∗ and i∗ . The equalities (20) show in particular that this row is exact. Thus the ﬁrst row,
the third row and all the columns are exact. We need only to prove that the middle row is exact as
well. It is obvious from (20) that j∗ is injective and Im j∗ ⊂ Ker i∗ . It remains to prove that (1) i∗ is
surjective and (2) Ker i∗ ⊂ Im j∗ .
(1) For every element b ∈ B∗ , there exists a ∈ A∗ such that I(a+ F A) = b+ FB , because I is surjec-
tive. Then i∗(a) − b ∈ FB . Therefore i∗(a) − b =m1b∗1 + · · · +mkb∗k = i∗(m1a∗1 + · · · +mka∗k ) for some
integer coeﬃcients and b = i∗(a− (m1a∗1 + · · · +mka∗k )) ∈ Im i∗ .
(2) Ker i∗ ⊂ Im j∗ . Let a ∈ Ker i∗ . Then, in particular, I(a + F A) = 0. Therefore a + F A = J (c + FC )
for some c ∈ C∗ . Then j∗(c) − a ∈ F A , that is j∗(c) − a = m1a∗1 + · · · + mna∗n for some inte-
ger coeﬃcients. Applying the homomorphism i∗ , we obtain 0 = m1b∗1 + · · · + mkb∗k and therefore
m1 = · · · = mk = 0. Thus j∗(c) − a = mk+1a∗k+1 + · · · + mna∗n = j∗(mk+1c∗k+1 + · · · + mnc∗n), hence
a = j∗(c − (mk+1c∗k+1 + · · · +mnc∗n)) ∈ Im j∗ . At last, the observation of the fact, that (20) means the
coordination of the dual bases, completes the proof. 
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The objects of the category S are ﬁnite sequences of elements of some modules. Their nature is
quite different from groups. Every sequence determines uniquely two groups with marked bases. The
interesting and actual question is how properties of the sequences are reﬂected on properties of the
corresponding groups and conversely. At ﬁrst we prove that the corresponding groups don’t depend
on the order of elements in the sequence.
Lemma 3. Let σ : {1, . . . ,n} → {1, . . . ,n} be a permutation. If an object a01, . . . ,a0n of the category S deter-
mines an object (A,a1, . . . ,an) of the category T F and an object (A∗,a∗1, . . . ,a∗n) of the category D, then the
sequence a0σ1, . . . ,a
0
σn determines the objects (A,aσ1, . . . ,aσn) and (A
∗,a∗σ1, . . . ,a∗σn), respectively.
Proof. By Theorem 1, the equality (x01, . . . , x
0
n) = (a0σ1, . . . ,a0σn) = (a01, . . . ,a0n)Tσ determines the ma-
trix Tσ and it implies two equalities for the bases of the groups A and A∗ . Namely, (x∗1, . . . , x∗n) =
(a∗1, . . . ,a∗n)Tσ and
(
a1
.
.
.
an
)
=Tσ
(
x1
.
.
.
xn
)
. The ﬁrst equality gives immediately (x∗1, . . . , x∗n)=(a∗σ1, . . . ,a∗σn).
The second one gives aσ i = xi for all i, that is (x1, . . . , xn) = (aσ1, . . . ,aσn). 
Let a01, . . . ,a
0
n be an object of the category S . It means that the Ẑ -module A0 = 〈a01, . . . ,a0n〉 Ẑ is
ﬁnitely presented. Then two modules, the submodule C0 = 〈a0k+1, . . . ,a0n〉 Ẑ and the quotient B0 =
A0/C0, are ﬁnitely presented as well. Thus both sequences c0k+1 = a0k+1, . . . , c0n = a0n ∈ C0 and b01 =
a01 + C0, . . . ,b0k = a0k + C0 ∈ B0 are objects of the category S .
We’ll call the sequence c0k+1, . . . , c
0
n ∈ C0 ⊂ A0 as a subsequence (or a subobject) of the sequence
a01, . . . ,a
0
n and the sequence b
0
1, . . . ,b
0
k ∈ B0 as the quotient-complement (or the quotient object) of the
sequence a01, . . . ,a
0
n with respect to the subsequence c
0
k+1, . . . , c
0
n .
Applying the functors S → T F and S → D to the object a01, . . . ,a0n , we obtain a torsion free
group A with a basis a1, . . . ,an in the category T F and a quotient divisible group A∗ with a ba-
sis a∗1, . . . ,a∗n in the category D. Analogously, the subsequence c0k+1, . . . , c0n ∈ C0 determines a torsion
free group C with a basis ck+1, . . . , cn in the category T F and a quotient divisible group C∗ with a
basis c∗k+1, . . . , c
∗
n in the category D. The quotient-complement b01, . . . ,b0k ∈ B0 determines a torsion
free group B with a basis b1, . . . ,bk and a quotient divisible group B∗ with a basis b∗1, . . . ,b∗k . The
relations between all these groups and bases are shown in the following theorem.
Theorem 5. Let c0k+1, . . . , c
0
n be a subsequence of the sequence a
0
1, . . . ,a
0
n and b
0
1, . . . ,b
0
k its quotient-
complement. Then the following statements hold:
1. B ⊂ A and C = A/B;
2. C∗ ⊂ A∗ and B∗ = A∗/C∗;
3. b1 = a1, . . . ,bk = ak and B is the pure hull of these elements in the torsion free group A;
4. the equalities ck+1 = ak+1 + B, . . . , cn = an + B take place in the torsion free group C = A/B;
5. C∗ is a quotient divisible subgroup, not necessarily pure, of the quotient divisible group A∗ and c∗k+1 =
a∗k+1, . . . , c
∗
n = a∗n;
6. the equalities b∗1 = a∗1 + C∗, . . . ,b∗k = a∗k + C∗ take place in the quotient divisible group B∗ = A∗/C∗ .
Proof. In our setting we have a short exact sequence of Ẑ -module homomorphisms 0 → C0 j
0
→ A0 i0→
B0 → 0, where j0c0k+1 = a0k+1, . . . , j0c0n = a0n , i0a01 = b01, . . . , i0a0k = b0k , i0a0k+1 = · · · = i0a0n = 0. By
Theorems 2 and 4, this sequence induces two short exact mutually dual sequences: the sequence
of torsion free groups 0 → B i→ A j→C → 0, where ib1 = a1, . . . , ibk = ak , ja1 = · · · = jak = 0,
jak+1 = ck+1, . . . , jan = cn , and the sequence of quotient divisible groups 0 → C∗ j
∗
→ A∗ i∗→ B∗ → 0,
where j∗c∗k+1 = a∗k+1, . . . , j∗c∗n = a∗n , i∗a∗1 = b∗1, . . . , i∗a∗k = b∗k , i∗a∗k+1 = · · · = i∗a∗n = 0. Now we easily
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along obvious isomorphisms. 
In the end of the paper we consider a series of examples showing how the properties of an object
of S are reﬂected on the corresponding groups. In all examples below, an object of the category S
is denoted as a01, . . . ,a
0
n . It corresponds to a torsion free group A with a basis a1, . . . ,an and to a
quotient divisible group A∗ with a basis a∗1, . . . ,a∗n . Thus, the groups A and A∗ are mutually dual
and the bases a1, . . . ,an and a∗1, . . . ,a∗n are also mutually dual. The ﬁrst two statements are direct
consequences of the deﬁnitions of the functors.
(1) a01 = · · · = a0n = 0. Then A = a1 Z ⊕ · · · ⊕ an Z is a free group and A∗ = a∗1Q ⊕ · · · ⊕ a∗n Q is a
divisible torsion free group.
(2) The elements a01, . . . ,a
0
n are torsion, that is the group G = 〈a01, . . . ,a0n〉 Ẑ = 〈a01, . . . ,a0n〉 is ﬁnite.
Then A is also free of rank n and A/F A ∼= G , where F A = 〈a1, . . . ,an〉, A∗ = d1Q ⊕ · · · ⊕ dnQ ⊕ G and
a∗1 = d1 + a01, . . . ,a∗n = dn + a0n .
(3) The following three statements are equivalent:
(a) the set a01, . . . ,a
0
n is linearly independent over Z ,
(b) the group A is co-reduced, i.e. it doesn’t contain free direct summands,
(c) the group A∗ is reduced.
(4) [11] The following three statements are equivalent:
(a) a01, . . . ,a
0
n is a linearly independent over Z set of p-adic integers for a prime number p,n 1,
(b) the group A is torsion free, but not free, and it has the property that every subgroup of inﬁnite
index is free,
(c) the group A∗ is isomorphic to a pure subgroup of Ẑ p of ﬁnite rank n 1 for a prime number p.
(5) The Ẑ -module M = x01
∏
p =2 Ẑ p ⊕ x02
∏
p =5 Ẑ p is ﬁnitely presented. Two sequences a01 = x01,
a02 = 3x02 ∈ M and a01 = x01 + x02, a02 = 3x02 ∈ M provide the example after Theorem 2. Namely, the
corresponding torsion free group A is the same for two sequences, it is isomorphic to Q 2 ⊕ Q 5. The
corresponding quotient divisible group A∗ is isomorphic to Q (2) ⊕ Q (5) for the ﬁrst sequence and it
is indecomposable for the second sequence.
(6) The Ẑ -module 〈a01, . . . ,a0n〉 Ẑ is cyclic that is isomorphic to Zχ for a characteristic χ . Then the
group A is a group with one τ -adic relation, where τ = [χ ], see [13], and A∗ is a quotient divisible
group with the property: rp(A∗)  1 for all prime numbers p, that is A∗ is a mixed analogue of a
Murley group [23].
(7) The set a01, . . . ,a
0
n is linearly independent over Ẑ . Then A = a1Rχ1 ⊕ · · · ⊕ anRχn , where χ1 =
cochar(a01), . . . ,χn = cochar(a0n) and Z ⊂ Rχ ⊂ Q with charRχ (1) = χ . In the quotient divisible case we
have A∗ = a∗1Rχ1 ⊕ · · ·⊕a∗nRχn , where Rχ is the quotient divisible group of rank 1 dual to the torsion
free group Rχ , see [21] or [18]. In particular, if χ1 = · · · = χn = (∞,∞, . . .) then A = a1Q ⊕· · ·⊕anQ
is divisible and A∗ = a∗1 Z ⊕ · · · ⊕ a∗n Z is free.
(8) The set a01, . . . ,a
0
n is almost linearly independent over Ẑ . It means that every equality
α1a01+· · ·+αna0n = 0 with universal integer coeﬃcients implies m(α1a01) = · · · =m(αna0n) = 0 for some
nonzero integer m. Then the quotient divisible group A∗ is of the form A∗ = x1Rχ1 ⊕ · · · ⊕ xnRχn ⊕ G ,
where G is a ﬁnite group, a∗1 = x1 + g1, . . . ,a∗n = xn + gn , G = 〈g1, . . . , gn〉. The group A is almost
completely decomposable, A ⊃ B = a1Rχ1 ⊕ · · · ⊕ anRχn and A/B ∼= G , see [21] for details.
References
[1] A.G. Kurosh, Primitive torsionsfreie abelsche Gruppen vom endlichen Range, Ann. of Math. 38 (1937) 175–203.
[2] R. Baer, Abelian groups without elements of ﬁnite order, Duke Math. J. 3 (1) (1937) 68–122.
[3] A.I. Malcev, Abelian torsion free groups of ﬁnite rank, Mat. Sb. 4 (1) (1938) 45–68.
[4] D. Derry, Ueber eine Klasse von abelschen Gruppen, Proc. London Math. Soc. 43 (6) (1938) 490–506.
[5] L. Fuchs, Inﬁnite Abelian Groups I, II, Academic Press, New York/London, 1970, 1973.
A. Fomin / Journal of Algebra 322 (2009) 2544–2565 2565[6] R. Beaumont, R. Pierce, Torsion-free rings, Illinois J. Math. 5 (1961) 61–98.
[7] R.A. Beaumont, R.S. Pierce, Torsion free groups of rank two, Mem. Amer. Math. Soc. 38 (1961) 1–41.
[8] D.M. Arnold, C. Vinsonhaler, Quasi-isomorphism invariants for a class of torsion free abelian groups, Houston J. Math. 15 (3)
(1989) 327–340.
[9] D.M. Arnold, C. Vinsonhaler, Invariants for a class of torsion free abelian groups, Proc. Amer. Math. Soc. 105 (2) (1989)
293–300.
[10] C. Vinsonhaler, W. Wickless, Dualities for torsion-free abelian groups, J. Algebra 128 (2) (1990) 474–487.
[11] A.A. Fomin, Abelian groups with free subgroups of inﬁnite index and their endomorphism rings, Math. Notes 36 (2) (1984)
179–187.
[12] A.A. Fomin, Invariants and duality for some classes of torsion free abelian groups of ﬁnite rank, Algebra Logic 26 (1) (1987)
63–83.
[13] A.A. Fomin, Abelian groups with one tau-adic relation, Algebra Logic 28 (1989) 83–104.
[14] A.A. Fomin, Torsion free abelian groups of rank 3, Mat. Sb. 180 (9) (1989) 1155–1170; English translation: Math. USSR
Sbornik 68 (1) (1991) 1–17.
[15] E. Lee Lady, Finite rank torsion free modules over Dedekind domains, http://www.math.hawaii.edu/~lee/book/index.html.
[16] A.A. Fomin, The category of quasi-homomorphisms of abelian torsion free groups of ﬁnite rank, in: Contemp. Math.,
vol. 131, 1992, pp. 91–111 (Part 1).
[17] A.A. Fomin, Finitely presented modules over the ring of universal numbers, in: Contemp. Math., vol. 171, 1995, pp. 109–
120.
[18] A.A. Fomin, A category of matrices representing two categories of abelian groups, Fundam. Prikl. Mat. 13 (3) (2007) 223–
244.
[19] A.A. Fomin, W. Wickless, Quotient divisible abelian groups, Proc. Amer. Math. Soc. 126 (1998) 45–52.
[20] A.A. Fomin, Quotient divisible mixed groups, in: Contemp. Math., vol. 273, 2001, pp. 117–128.
[21] A.A. Fomin, Quotient divisible and almost completely decomposable groups, in: Models, Modules and Abelian Groups in
Memory of A.L.S. Corner, de Gruyter, Berlin/New York, 2008, pp. 147–168.
[22] D.M. Arnold, A duality for quotient divisible abelian groups of ﬁnite rank, Paciﬁc J. Math. 42 (1972) 11–15.
[23] C.E. Murley, The classiﬁcation of certain classes of torsion-free abelian groups, Paciﬁc J. Math. 40 (1972) 647–665.
